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The role of the three phonon normal processes in the analysis of the lattice thermal
conductivity of the solid HD has been studied in the entire temperature range 0.2—4 K.
The study is made by calculating the contribution of the correction term due to the
three phonon normal processes towards the total lattice thermal conductivity of the
pure sample of the solid HD in the temperature range stated above. The study is also
made for the different values of the three phonon normal processes scattering relaxa-
tion rate. The considerable contribution due to the correction term is found compared
to the total phonon conductivity above 1 K.

Inspite of the fact that some refinements [1 —5] have been proposed recently,
the success of the Callaway [6] theory is excellent for the explanation of the experi-
mental results of the lattice thermal conductivity of insulators at low temperatures.
It was Callaway [6], first of all, who distinguished the three phonon normal pro-
cesses (processes in which momentum is conserved) from the three phonon um-
klapp processes (those processes in which momentum is not conserved) by introduc-
ing the displaced distribution function for it and he obtained an expression for the
lattice thermal conductivity of an insulator as a sum of two terms. The first term
is due to the combined scattering relaxation rate while the second term is known
as the correction term due to the three phonon normal processes which reduces
to zero in the absence of the three phonon normal processes. It is usually found
that the contribution of the correction term (4K) towards the total lattice thermal
conductivity is very small [7—13] compared to the contribution due to the first
term at low as well as at high temperatures. Solid He [14] and LiF [15] are excep-
tion to this.

Recently, Constable and Gaines [16,17] measured the lattice thermal conductiv-
ity of the solid HD at temperatures below 4 K and they tried to explain their
measurements on the basis of the contribution due to the correction term (4K)
alone which creates an interest to have a study of the contribution of the correc-
tion term (4K) due to the three phonon normal processes towards the total
lattice thermal conductivity of the solid HD in the frame of the complete Callaway
[6] expression. The aim of the present work is to study the role of the three phonon
normal processes in the analysis of the lattice thermal conductivity of the solid
HD by calculating the contribution due to the correction term in the entire tem-
perature range 0.2—4 K. The considerable contribution of AK towards the total
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lattice thermal conductivity of the solid HD is found above 1 K which is similar
to the previous reports for the solid He [14] and LiF [15]. To study the role of
the three phonon normal processes in more detail, AK has also been calculated
by expressing the three phonon normal processes scattering relaxation rate as a
fraction of the three phonon umklapp processes scattering relaxation rate as well
as a fraction of the combined scattering relaxation rate due to the all momentum
non-conserving processes.

Theory

Considering the special role of the three phonon normal processes and introduc-
ing the displaced Planck distribution function for it [6], one can express the Boltz-
mann transport equation as [6]
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where N(4) is the displaced Planck distribution function [6] for the three phonon
normal processes as suggested by Callaway [6], N is the Planck distribution func-

tion, N, is the distribution function at equilibrium, representsrate of change
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of the distribution function with respect to time due to collision, i is the same

with respect to temperature, VT is the temperature gradient (for detail, see ref. 6),
¢ is the group velocity of phonons, 7y is the three phonon normal processes
scattering relaxation time and tg is the combined scattering relaxation time due
to all momentum non-conserving processes. Since our study is confined to low
temperatures and for pure sample only, the expression used for the scattering
relaxation rate can be expressed as
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where 137, t;* and 7" are the scattering relaxation rates due to boundary scatter-
ing [18], point-defect scattering [19] and three phonon umklapp processes [6]
respectively, By and By are the scattering strengths due to the three phonon nor-
mal and umklapp processes respectively, L is the Casimir [18] length of the crystal,
A is the point-defect scattering strength [19], o is the average phonon velocity,
o is a constant [19] and 0 is the Debye temperature of the sample under study.
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It is needed to mention here that as stated above, our study is limited to the
pure sample of the solid HD (sample having zero concentration of j = 1 mole-
cules, i.e. sample does not contain ortho-hydrogen as well as para-deuterium mole-
cules) only, therefore, rotational impurities scattering has been totally ignored
in the present study. As a result of it, the rotational impurities scattering relaxa-
tion rate has not been stated in the expression for 73*. As we know, for a pure
sample, the possible scattering mechanisms are boundary walls of the crystal,
point-defects and phonon-phonon processes. Therefore, the expression for tx'
includes these three scattering relaxation rates only.

Using Eq. (1) and following Callaway [6], one can have an expression for the
lattice thermal conductivity of an insulator as

K=CI + 4K 3)
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where ky is the Boltzmann constant, and # is the Planck constant divided by 27.

Contribution of the correction term 4K for the pure sample of the solid HD

Using the scattering relaxation rates stated above and constants stated in Table I,
the contribution of the correction term AK towards the total lattice thermal
conductivity of the pure sample of the solid HD has been calculated in the entire
temperature range 0.2—4 K with the help of Eqs (3—8) and the results obtained
are reported in Table 2 in the form of its percentage contribution (94K =
= 100 4K/K).

To study the role of the three phonon normal processes scattering relaxation
rate in the calculation of the lattice thermal conductivity of the solid HD in more
detail, 4K has also been calculated for the different values of 5! by expressing
the three phonon normal processes scattering relaxation rate as a fraction of 7!
as well as a fraction of tg". Expressing 1" as “a” = 100 t%/7y", the percentage
contribution of AK has been studied for the different value of “a” (in the range
10—90) in the entire temperature range 1—4 K to see the effect of the relative
value of the three phonon normal and umklapp processes scattering relaxation
rates on AK and the results obtained are reported in Table 3. The study is confined
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Table 1

The values of the constants used in the
calculations of the contribution of the
correction term (A4K) towards the total
lattice thermal conductivity of solid HD

0 =112K

a = 2.0

1t = 1.37 * 105 sec™!

A = 220" 10~* sec?

3.42 *+ 1020 sec deg™?
1.0 * 105 sec deg—3

=]
Z
il

By

Table 2

The percentage contribution of the correc-

tion term (4K) due to the three phonon

normal processes towards total lattice

thermal conductivity of the solid HD in
the temperature range 0.2—4 K

Temperature, o

PK % AK

0.2 1.13 - 10-3
0.4 3.58 - 10—2
0.6 0.26

0.8 1.0

1.0 8.23

1.5 28.69

2.0 | 47.15

2.5 | 57.15

3.0 63.30

3.5 66.0

4.0 | 66.20

to 1 K due to the fact that Table 2 shows very small contribution of 4K below
1 K. To see the effect of the relative value of 7' and tx* on the correction term,
the percentage contribution of the correction term (% 4K) has been calculated in
the entire temperature range 1—~4 K for the different value of “b” which gives the
relative value of Tt! and tgti.e. “b” = 100 1nY/7z". The result obtained is reported
in Table 4.

J. Thermal Anal. 18, 1980



DUBEY: THERMAL CONDUCTIVITY OF SOLID HD

Table 3

451

The percentage contribution of the correction term 9% 4K towards the total lattice thermal
conductivity of the solid HD in the temperature range 1— 4 K for the different values of “a”
which is defined as a = 100 75 Y75t

Percentage contribution of the correction term % 4K

T, K
a=10 | a= 20| a= 30

1.0 0.78 1.56 2.36
1.5 2.31 4.73 7.26
2.0 3.19 6.61 10.30
2.5 3.38 7.08 11.15
3.0 3.32 7.01 11.14
3.5 3.22 6.84 10.93
4.0 3.14 6.69 10.73

|

a=40 | a= 50
3.17 3.99
9.90 12.67

14.29 18.60
15.67 20.69
15.79 21.06
15.59 20.94
15.38 20.77
Table 4

a= 60
4.81
15.57
23.30
26.31
27.09
27.16
27.1Z

a= 170
5.66
18.64
28.42
32.64
34.05
34.47
34.69

a= 80
6.57
21.81
34.03
39.83
42.18
43.20
43.88

a=90
7.38
25.18
40.21
48.07
51.79
53.78
55.27

The percentage contribution of the correction term 9% 4K towards the total lattice thermal
conductivity of the solid HD in the temperature range 1—4 K for the different values of “5”
which is defined as b = 100 75Y/zx?!

T, K Percentage contribution of the correction term % 4K
b=10 =201b=30b6=40|b6=50|b=60| b=70|b=80|b=90
1.0 9.71 19.48 29.31 39.21 49.18 59.21 69.31 79.47 | 89.70
1.5 7.90 16.17 24.85 33.97 43.55 53.65 64.29 79.23 | 87.41
2.0 5.77 12.10 19.10 26.86 35.52 45.24 56.24 68.73 | 83.22
2.5 4.52 9.62 15.45 22.12 29.87 38.98 49.84 63.01 | 79.31
3.0 | 3.87 8.30 13.43 19.45 26.59 35.20 45.80 59.16 | 76.52
3.5 3.51 7.57 12.31 17.93 24.69 32.95 43.33 56.72 | 74.68
4.0 3.31 7.14 11.65 17.03 23.53 31.59 41.80 55.18 | 73.48

Results and discussions

With the help of Table 2, it is very clear that the percentage contribution of
the correction term (,4K) due to the three phonon normal processes towards
the total lattice thermal conductivity of the pure sample of the solid HD is very
small below 1 K. But its contribution is considerably large above 1 K and it is
as high as 66.2 7 at 4 K. The similar conclusion is also drawn by previous workers

for solid He [14] and LiF [15].

The effect of the relative scattering relaxation rates of the three phonon normal
and umklapp processes can be seen with the help of the Table 3. From this table,
it is clear that the percentage contribution of the correction term % AK increases
with increase of “a” at each temperature which shows that % AK increases with
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increase of the three phonon normal processes scattering relaxation rate, or % 4K
increases with decrease of the three phonon umklapp processes scattering relaxa-
tion rate, provided the boundary and point-defect scattering relaxation rates are
remain unchanged. The effect of the relative value of 73! and 1z’ (combined
scattering relaxation rate due to all momentum non-conserving processes) can be
seen in Table 4. From this table, one can see that % 4K increases with increase of
“b”. As a result of it, one can say that % AK increases with increase of T3
In other words, one can also say that %, AK decreases with decrease of the scatter-
ing relaxation rate due to any momentum non-conserving processes.

Thus, the entire study can be summarized as following: (a), the} role of the
three phonon normal processes scattering relaxation rate in the calculation of the
lattice thermal conductivity of the pure sample of the solid HD has been studied
in the entire temperature range 0.2—4 K by calculating the contribution of the
correction term. (b), The contribution of the correction term AK towards the total
lattice thermal conductivity is found considerably large above 1 K and it shouid
not be ignored in the calculation of the lattice thermal conductivity of the solid
HD. (¢), the percentage contribution of the correction term increases with increase
of the three phonon normal processes scattering relaxation rate.

%
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RisuME — On a étudié, dans tout Vintervalle des températures comprises entre 0.2 et 4 K,
Ie r6le des processus normaux a trois phonons dans I’analyse de la conductivité thermique du
réseau de HD solide. L’étude s’est effectuée en calculant la contribution du terme de correction
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dil aux processus normaux & trois phonons, a la conductivité thermique totale du réseau de
I’échantillon pur de HD solide, dans I'intervalle de températures considéré. On a, de méme,
effectué I’étude pour les différentes valeurs de la vitesse de relaxation de dispersion des pro-
cessus normaux a trois phonons. On a trouvé une contribution considérable due au terme de
correction comparé 3 la conductivité totale de phonon au-dessus d’1 K.

ZUSAMMENFASSUNG — Die Rolle der Drei-Phonon-Normalprozesse in der Analyse der Gitter-
Wirmeleitung von festem HD wurde im Temperaturbereich von 0.2 bis 4 K untersucht.
Die Untersuchung wurde durch Berechnung des Beitrages des den Drei-Phonon-Normalvor-
gingen zuzuschreibenden Korrekturterms an der totalen Gitter-Wirmeleitung der reinen
Probe des festen HD im o.a. Temperaturbereich durchgefiihrt. Diese Betrachtung wurde auch
fiir die verschiedenen Werte der Streuungsrelaxationsgeschwindigkeit der Drei-Phonon-
Normalvorginge durchgefithrt. Ein wesentlicher Beitrag des Korrekturglieds wurde im Ver-
gleich zu der totalen Phononleitfihigkeit oberhalb von 1 K gefunden.

Pesrome — M3yuena ponb Tpex(OHOHOBBIX HOPMAJIbHEIX IIPOIECCOB IPH aHANH3e PeIIETOYHONR
TepMudeckoil mposogumocti TBeproro HJ B oGmactm Temmeparyp 0.2—4 K. HMccnenoparue
GBLIO TIPOBEACHO MYTEM BEIYUCIICHAS MOIPABOYHOTO WiICHA, O0YCIOBICHHOTO TPEX(POHOHOBEIME
HOPMAJILHBIMI TIPOIIECCAMHE, OTHOCHTEIBHO O0IIEH PelieTOYHOH TEPMHYIECKOM MPOBOIMUMOCTH
ygcToro Teepnoro HJI B Boimeykaszanuo#i obmacti TeMmeparyp. V3ydenne 65110 TakKe poBe-
HEHO JUIS PA3TMYHBIX 3HAYCHUM PEIaKCAIMOHHON CKOPOCTH PACCCHBAHUSA TPEX(hOHOHOBBIX HOP-~
MAaIBHBIX IPOIIECCOB. Y CTAHOBIICH 3HAUUTEIILHEIH BKI1a4 IONIPABOYHOr0 WieHAa, KOTOPBIH CPaBHIM
¢ obmelt porOHOBOM NpoBoAEMOCTEIO Bhme 1 K.

4 J. Thermal Anal. 18, 1980



